SIMULATION OF DETONATION PROBLEMS
WITH THE MLS GRID-FREE METHODOL OGY

JnYao
Lawrence Livermore Nationa Laboratory
Livermore, CA 94551

M. E. Gunger, D. A. Matuska
Generd Dynamics Ordinate and Tactica Systems
Niceville, FL 32578

The Moving Least Squares (MLS) grid-free rezone method, a smple,
flexible finite difference method for solution of generd continuum mechanics
problems, especialy detonation problems, is proposed in this paper. The
spatid points that carry time dependent data are distributed in spacein such
away tha provides nearly uniform spacing of points, accurate presentation
of boundaries, easy variaion of resolution and arbitrary reorganization of the
computational domain. Loca finite difference operators are obtained with
ample MLS differentiation. There is no specific topologicd or geometrica
redriction of the digribution of data points. Therefore this method avoids
many drawbacks of the traditional methods. Because of its flexibility, it can
be used to smulate a wide range of mechanics problems. Because of its
amplicity, it has the potentid to become a preferred method.

Mo traditiond computationa continuum mechanics (CCM) methods, from
a Smooth Particle Hydrodynamics (SPH) view, can be consdered as
specid cases of grid-free methods of specific kernd functions. Such a
generdization adlows the development of a unified grid-free method that can
represent mogt finite difference methods by switching the kernd functions.
The flexible management and ease of coding make such a unified code
atractive for many applications.

INTRODUCTION st of data points. Determination of positions

of the data points is essentid. Traditiond
In Smulaion of problems in mechanics it is Lagrange methods alow the data points to
necessary to describe the system with afinite move with the materid. Usudly these data



points must obey cetan topologicd
congraints. The materia can be traced easlly.
However it is difficult for a Lagrange method
to ded with large, arbitrary deformation.

An Eulerian method, in which the data points
are fixed in space, can be fast and accurate.
Eulerian methods usudly require a grid on
which to define ample finite difference
goproximations of spatiad  derivaives.
Because the regularity of the grid has to be
maintained, an Eulerian method is difficult to
manage when locd high resolution is
mandatory. Deletion of unnecessary portions
of the computation domain is not an easy task
to manage with a grid method. Much effort
has been spent on finding reasonable way's of
tracking the grid topology.

In this paper, we propose a methodology that
we cdl the Moving-Least-Squared (MLS)
grid-free rezone method. It is an extenson of
the MLSPH method by Gary Dilts¥. This
method is appropriate for te cdculation of
generd, complex physica processes such as
detonation and shock propagation. We
abandon the concept of a finite dement and
grid. Indtead, the spatid points that carry
computationa data are arbitrarily distributed
in space. We derive aset of finite difference
schemes with ample ML S differentiation. The
accuracy of these difference eguations is
comparable to traditiond methods. The
boundaries can be represented with data
points and the treatment of interfaces
between different objects is eedly
implemented.

There are two essential phases associated
with the MLS grid-free method. A data point
digtributor, and a set of MLS agorithms. The
data point distributor arranges the data point
st in such a way that the data points are

regulaly spaced;, boundaries are smply
represented  with data pointss. MLS
differentiation is used to derive the locd
goatid finite difference operators. MLS
interpolation is used for rearrangement of
points when needed. The data points can be
fixed in gpace (the Eulerian mode) or moving
with the materid (the Lagrange mode) and it
IS easy to switch from one mode to the other.
Large deformations can be easily traced with
the Lagrange mode without regard to
topological condraints. If variable resolution
or arbitrary ddetion of domains is desred,
the MLS grid free methodology requires no
additiond effort.

In a globd view, the MLS grid free
methodology is a smple, unified frame that
congds of a cdass of computationa
continuum mechanics (CCM) methods.
Many exigting CCM methods can be
consdered as subsets with restrictions of this
generd, flexible method. The MLS grid-free
methodology provides smple derivation of
the equations of moation, explicit loca error
edtimation, precise boundary representation
with data points, and easy implementation of
boundary conditions. Despite some moderate
numerical complexity that is associated with
the point didributor, it is a very smple
method to implement and to manage.

MLSDIFFERENTIATION

The Moving-Least-Squared method (MLS)
has a close rdaionship with the locd finite
difference of gpatid derivaives. To be
specific, the finite difference anadog of spatia
derivatives based on the linear combination of
point data, especidly grid data, is equivaent
to specia cases of direct differentiation of
MLS functions By vaying the weght
function (the kernd), one may obtain various



expressons of loca spatia derivatives.

This point is very easy to show, snce the
MLS function interpolates any specified set
of functions exactly, one may choose the
function set to be {1, x, x%.. xX"}. An
andyticd function & X; can be expressed as
its Taylor series

n £l
f(Xj):é. f iI(X)

(X - X' +Ox- x;)™.

The interpolation of f(x) udng the MLS
functionsis defined as

f (%)= 51_ f(X)f (%, - %)
]

With the subdtitution of f(x;) into the MLS
interpolation, it is clear that except for the
vay fird term, dl power terms will vanish till
the order of n. Therefore f'(x) isthe value of
f(x), plus a remainder of O[(Dx)™*/(n+1)],
where Dx isthe sze of the neighborhood. By
taking the k™ derivatives of f'(x), one
immediately redizesthat f 1*1(x - %) is
the coefficient in front of the function vaue
f(x) in a finite difference form of the k™
derivaive of f a x. Smilar andyssfor multi-
dimensona cases can dso be easly shown.
Mathematically speaking, any specified order
of locd derivatives can be obtained by MLS
differentiation to any specified accuracy if
enough neighbor points are involved.

DATA POINT DISTRIBUTOR

The flexibility of the MLS grid-free method
avoids certain congraints associated with the
traditional CCM methods. We are dlowed to
arange the data points in such a way that
facilitates the calculation. The particle spacing
is controlled in away to:

(2). reducethelocdl truncation error,

(2). accurately represent the boundaries,

(3). dlow easy variaion of resolutions,
and

(4). fredy exclude unnecessary domains.

We implemented an intrindc  Huygens
condruction technique to identify the leve
sets of the sgned minimum distance functions.
The data points are placed evenly on the leve
curves. The distance between neighbor level
curves is nearly uniform and equd to the
particle spacing.  The boundary of a region
that requires specia resolution can be treated
as a levd st in which the particle spacing is
equa to the required resolution. After al of
the level curves are filled with data points,
one can deete unusable points arbitrarily.

PARTICLE AND VORONOI CELL

We assume that each interior data point is
associaed with a definite volume - the
volume of its Voronoi cdl. The sum of these
volumes represents the physca  volume
occupied by the materid. For a single data
point, the mass, momentum and energy it
caries can be defined as well as its volume.
Thus it is sensble to cdl these data points
‘paticles. This definition is geometricd
compared to the numericd definition of
particles in SPH. Because the boundary
norma vector of a Voronoi cdl is trividly
identified, it is easy to compute physicd
fluxes that enter or leave a particle when
required.

PHANTOM PARTICLES

The real materid objects are bounded by
phantom particles. These particles help to
accurately represent the boundaries. They
make each red data point an interior one. In



addition, they carry environmenta properties
(or other specified properties) so the
treatment of the boundary condition can be
naturdly integrated into the solution of the
governing equaions. Furthermore they
improve the stability of the method. Last but
not the least, phantom particles help to avoid
extrapolation and to maintain accuracy when
the solution is evduated a a boundary.

NEIGHBOR SEARCH

The paticle sysem is contaned within a
search matrix (a regular mesh). Its mesh size
Is comparable to the search-length. For a
particular particle A, the neighbor search only
involves the particles that occupy cdls
directly connected to the cdll in which particle
A resdes. The effort of such a search method
isevidently linear.

BOUNDARY PARTICLES

A very ample method to detect particles on
the boundary is implemented. The basic idea
is that a boundary particle is an ‘open’ one.
Let the particle of concern be defined as the
origin. Then dl the neighbors can be
projected onto a unit circle. The maximum of
the minimum span of angles formed by two
neighbors must be greater than some critica

vaue (p/3 seems to work fine) for boundary
particles. To further ensure the method iswdll

defined, the neighbor set used to determine
angular spans dso incdudes the neighbors of

neighbors of the particle of concern. Our
experience indicates that this Smple boundary
detection method is quite reliable.

REPRESENTATION OF OBJECTS

A boundary is represented with boundary
particles. We first detect the particles at the

boundary, and then carefully link them to
form curves. Condsgency between the
numbering of boundary particles and the arc-
length is essentid. The boundary curves are
considered to be level-set curves of sgned
minimum digance of function vaue zero.
Interior particles are podtioned in a smilar
fashion on leve curves of negative function
values.

ORDER BOUNDARY PARTICLES

Starting from an arbitrarily sdected boundary
particle, one needs to find an effective
dgorithm to determine the next boundary
particle, till the garting particle is again found.
The basic gpproach we used is to find the
interior particle nearest to a known boundary
particle, then gpply the right hand rule to
determine the next boundary particle to be
linked. Of course we first consder dl the
neighbors. When the boundaries have sharp
turns, multiple candidates may be found. We
take the right mogt one to fulfill the right hand
rule.

A check to diminate misdentifications is to
examine the origind patide number on
boundaries If the naturd numbering of
boundary particles is violated, we use the
origind order of boundary particles.

TREATMENT OF BOUNDARIES

Currently we treat an interface particle as an
interior particle, if this paticle is under
compresson or is moving towad the
interface. An interface particle is trested as a
free boundary particle if it isin tenson and is
moving away from the interface. This smple
treatment provides acceptable results.

In the treatment of free boundary particles,



we use phantom paticles to cary
environmenta pressure. We aso interpolate
the environmenta pressure with the distance
from the center of interior particles to the
boundary as if the pressure is gpplied right at
the boundary. This helps to keep the
boundary smooth.

A MONOTONIC ESTIMATOR OF
THE SECOND ORDER

The natura neighbors of a given point A form
a convex polygon P, with A as an interior
point of P. From the theory of linear
programming, A's coordinates can be
expressed as a linear combination of the
coordinators of the corners of P, or A's
natura neighborsin the format
n=al,i, dod!, =1 adl, >0

J J
Here | is the index of the neighbors. For an
andyticd function, its vdue & A can be
interpolated with exactly the same coefficients
using the neighbor vaues with an error that is
at most second order. Thisis easy to confirm
by peforming a Taylor's expanson a A.
Monotonicity is achieved with positiveness
of the coefficients.

In generd, the neighbors found are not
necessaily the set of naturd neighbors. Thus
there is no convexity available. However, one
may project the neighbors onto the surface of
a unit gohere centered at A and apply
geometric Smilarity to obtain asmilar second
order monotonic estimator. This esimator
is useful in the convection phase of the
Eulerian mode.

MLSGRID FREE METHOD

The MLS grid free method can be outlined as

follows. The st of points that cary data
does not have to obey any loca topologica
congraint. A set of phantom points can be
added to this point set. One first searches for
the neighbors of each point. Then one
rewrites the equations by evauding the
derivativeswith ML S differentiation. Thetime
derivative at a point can be estimated from its
neighbors with a second order monotonic
edimator for monotonicity. The time
integration may be done with a numerica
integrator or a Runge- K utta like method.

The boundaries can be represented with
boundary particles. Phantom particles ensure
every data point is an interior point, and
provide boundary conditions. Rezoning may
be done to mantan paticle spacing as
needed. For rezone to be effective, it is
essentiad  to  correctly identify  boundary
particles and to connect them in the proper
order.

TRADITIONAL METHODS

Traditiond finite difference methods with a
grid are degenerate cases of the MLS grid
free methodology. For example, with a
uniform grid in two-dimension, let point A; to
be located at (0,0), its naturd neighbors will
be located at {Az, A3, A4, A5} = {(0, l), (1,
0), (O, -1), €1, 0)}. By taking a congtant
weight function, onefinds the MLS functions

f,o=1- x*- y?,
X
f=2 (D f =§(y+1>,

_X _y
f, ==(x-D,(f.==(y-1).
4 2( ).f s 2(y )

One seesthey interpolate {1, X, y, X%, y?}
exactly. Tointerpolate the function f(x,y)



using MLS functions, one has
o5
fr(x,y)=a f(A)F(x,y)

i=1 _
By taking the Laplacian of the function f (X,
y), onefinds

REF'(x y) =-4F(A)+F(A)+T(A)+F(A)+T(A).

It is exactly the difference Laplacian
operator on a uniform grid. One may aso
obtan the firg derivatives by MLS
differentiation only once. At (0,0), we obtain
the centrd difference format.

A UNIFIED METHOD

We indicate that most CCM methods can be
expressed as SPH methods with specific
kernds. Thus, desred CCM methods may
be implemented with a unified grid-free code
by smply changing kernds and data point
digributions. The resulting unified code can
be essly managed and the programming
work is essed.  Furthermore  the
trandformation  between different CCM
systems can be easly done with the MLS
rezoning method.

REZONING

Rezoning is peformed manly to mantan
particle spacing, 0 as to improve dability
and to maintain the accuracy of the spatid
derivatives. Larger time steps can be used
after rezoning because the particle spacing is
regular. Nonphysicd materid intruson can
aso be prevented if the rezoning is done
before the intruson occurs. When large
patices and smdl particles mest, it is difficult
to keep symmetry in the neighbor search (i.e.,
if a is b's neighbor, then b is a's neighbor
too) with particle diameters as the search

length. To prevent lose of accuracy by lose of
Symmetry, a rezone is appropriate. MLS
interpolation during rezoning conserves mass,
volume, momentum and energy of the system
with at least second order local accuracy 2.

LINEAR VORONOI ALGORITHM

We cdculate the Voronoi cdls of a particle
from its neighbors. By definition, the effort of
this method is of O(n) for an n-particle
sysem. Compared to other optimized
Voronoi solvers, this method is the fastest
when n is large, provided that the neighbor
search has been done in advance. However,
the cost of the neighbor search method we
useis aso of the order O(n).

We describe  this method  with  the
condruction of a three-dimensond Voronoi
cdl. We assume a given interior paticle A
has M neighborsand dl A‘s natural neighbors
are included. The firg gep is to find the
closest neighbor of A, to define the firgt facet.
Next, one finds the smalest distance from the
origin to al possble edges on this facet; the
first edge is then determined. Thethird Sepis
to find the smallest distance from A to dl of
the possible vertexes on the first edge, so to
determine the firg vertex on this facet. The
neighbor responsble for this vertex dso
defines the next edge. To determine the next
vertex, one finds the smdlest distance from al
of the posshle vertexes on this edge to the
last vertex. Convexity is checked by
excluding dl the vertexes that are located on
the opposite side of the facet defined by the
last neighbor point that corresponds to the
last edge. One repesats this procedure until
the firg vertex isfound again. By now the first
facet is completely determined. We have dso
identified the particles corresponding to the
next level of facets (and therr first edge, and



the firsd and last vertices) at this point. A
sngle quick-sort routine is used to perform
the sorting, and the cost is of the order
O(nM). A do-loop of the dgorithm
described above is applied to dl the newly
found facets until no new facet is found. The
connectivity ensures that no facet is left. The
entire connecting ligt is thus obtained naturaly
and the method is optimized.

A three-dimensond Voronoi cdl tha is
obtained with this approach is shown in figure
1. The two-dimendond Voronoi agorithm
has a dmila but much gmpler
implementation. Mathematicaly spesking, this
goproach is effective in the m-dimensond
case.

FIGURE 1. A THREE-DIMENSIONAL
VORONOI CELL.

INTRINSIC LEVEL-SET METHOD

The particles are positioned on level curves
of sgned minimum distance to the boundary
of an object. The distance between adjacent
level curves is equd to the desired locd
particle sze. A Huygens congruction is used
to define thee level curves. Thebasicideais
to caculate the distance from mesh points to
the boundary, then to determine the curves of

gpecific leve-sat vaues. To minimize the cost
of cdculation, the vadues of the sgned
minimum distance function are caculated only
for those mesh points close to a known leve
curve, to determine the next level curve. The
loop starts from the zero™ leve-set, the
boundary. Exact podtioning of curves is not
important except for the boundary. The
distance between level curves can be
gradually increased to reduce the number of
points. After dl paticles have been
positioned, by caculaion of Voronoi cels,
the volume and mass center of each interior
paticle is then exactly determined. The
change of connectivity is automaticaly done
with the level-set method.

LEVEL OF NEIGHBORSAND THE
THREE-DIMENSIONAL SURFACE

Although we have only implemented the two-
dimensond agorithm, we are quite confident
that a amilar dgorithm in three dimensons
can be implemented. Three-dimensond
surfaces can dso be represented with
boundary points (or equivadently, facets). We
use a smple looping dgorithm to arrange the
boundary points. The loop is done for the
‘levedl of neighbors. A given paticle is its
level zero neighbor. Its immediate neighbors
areitsfirg leve of neighbors. The neighbors
of the nth leve are the immediate neighbors
of the (n - 1)th level neighbors. Particles do
not change their leve once it has been
determined. A paticle only connects to its
immediate neighbors on the surface. The
connection lig then is naturdly obtained, as
the neighbors of any specific point are
determined in the loop. No points will be left
uncounted. Such a method can also be used
to propagate three-dimensond surfaces
according to intrindc  geometric  laws,
because the loca geometric features of the



suface ae wdl defined with neighbors.
When a method to arrange data points nearly
uniformly on three-dimensona surfaces is
given, a rezone agorithm smilar to the two
dimensiond agorithm described in this paper
can aso be implemented. We suggest a
Huygens-like condruction dgorithm to
determine leve-set curves on the surface and
put points evenly on the leve curves, smilar
to wha we have done for the two-
dimensond method.

TREATMENT OF FRACTURES IN
TWO-DIMENSIONS

In the two-dimensiond case, with the specific
method we used to position particles, it isa
smple task to detect and dedl with fractures.
Theideais based on the consistency between
the numbering of boundary particles and
continuity of the arc-length. When fracture
occurs, the continuity of arc-length is broken.
Interior particles become boundary particles
and the origind numbering of boundary
particles with the order of naturd numbers is
logt. It is very easy to determine where the
fracture occurred. In the case of a materia

fracturing into two pieces, the naturd
numbering of the paticles on the origind
boundary becomes naturdly numbered on
two separate closed curves. The fractured
region is where the disconnection of natura
numbering of boundary particles occurs. This
helps to accurately determine the newly
formed pieces. The reiability of this method
is evident by nature.

BURN MODELS

Vaious burn modeds can be essly
implemented with the MLS grid-free method.
Currently our code incdudes the following
burn models

1). Programmed Burn: With given locations
and ignition time of the ignition points and the
norma detonation velocity (CJ velocity, say),
it is easy to cdculate the detonation arriva

time a each explosve particle confined in a
convex region by cdculaing the disance
from a particle to the closest initiating point.
When the region of the explosve is not
convex, the burn time can be determined with
level-set curves.

2). Neighbor Burn: It is assumed that only
burning neighbors can ignite an explosve
particle. When a particle has not been ignited
but one or more neighbor particles has
garted to burn, the burn time of this particle
then can be cdculated by the distance of this
particle to its burning neighbors, divided by
the loca detonation velocity. Of course the
gmallest burn time is sdected. To be exact,
the burn time of the particles closest to the
spark is determined with their distance to the
spark. After that, in most cases, at every time
step there shdl be more than two burning
neighbors of an unburned particle, the burn
time of this particle is determined with the
burn times of two burning particles with a
geometric method. If there is only one
burning neighbor, the burn time is determined
directly by the distance between the two
patides The burning time is dynamicaly
determined. For programmed burn, this burn
velocity is congant and is equd to the
detonation veocity. However if the locd
properties are not uniform, a variable
detonation  progresson rate can  be
cdculated. When there are inert particles
embedded in the materid, the distribution of
inert particles affects the burn times. The
reactive particles that are enclosed by inert
paticles will not burn. The neighbor burn
modd is appropriate in this case and the
programmed burn will not work.



3). Greek-Fire Modd: This modd is used
to ded with the ignition of crushable
explosve materids. It is assumed that the
explosve materid gets crushed in dynamicd
processes when the eagtic deformation
exceeds cetan limits. The release of the
sored dagtic energy after crushing gadifies a
amdl amount of explosve and the gasfied
materid darts to react according to an
Arrhenius law. This reaction, coupled with
other physica processes, may cause locd
pressure to increase and accelerate the
reection. When the gedfied explosve is
burnt, a pressure dependent law consstent
with experimenta data determines the locd
reaction rate of the solid. Ignition may occur
if the locd pressreis high enough, otherwise
it may die and the detonation process ends.
We have smulated ignition of detonations
usng this modd in problems that involve
friction and sudden compresson.

Other burn modds can adso be easly
implemented. For example, dnce the
differentia operator can be easily represented
with the MLS dgorithm, it isardatively easy
task to solve the level-set equation for the
propagation of detonation surface given the
law of surface propagation (from DSD
theory, say) to better determine the burn
time.

AN EXAMPLE OF DETONATION
SIMULATION

The Viper-Jet: Figure 2 shows a sngp shot
of a shaped charge cdculation a 30.5 nsec.
About 40,000 data points were used with a
programmed burn modd. The veocity at the
tip of the viper is only 0.3% off the
experimenta  vdue. Figure 3 shows its
agreement  with the experimentad mass
veocity digribution (the red line). The

cdculation time is about 7 hours on a 0.7
GHZ Linux gation. Much timeistaken by the
cdculdion of Voronoi cdls in the rezone
process. The Voronoi agorithm can be
omitted by rewriting the governing equetions
to avoid explicit gppearance of volume (and
mass) of particles. A better rezone criterion
may aso be considered to reduce the

frequency of rezoning.

FIGURE 2. A SNAP SHOT OF THE
SHAPED-CHARGE CALCULATION.

CONCLUSIONS

The MLS grid-free method, as described,
can be viewed as a generd, arbitrary, free
Lagrange/Euler method by nature. Its
variaions correspond to various CCM
methods. Traditiond CCM methods such as
Eulerian methods on a regular grid, free
Lagrange methods, FEM, SPH, and ALE
can dl be considered as specific cases of one
unified grid-free method. Thusit is possible to
develop a unified grid-free code that contains
many CCM methods by including various
kernd functions. Most importantly, the
coding effort isminimdl.



The data point distributor is designed under
the geometrica requirements that data points
are uniformly spaced and materiad boundaries
are represented by data points. Loca
variable resolution can be accommodated
with ease.

ML5PH Simulation of Yiper-Jet (at 305 micro-sec)
Esparimcni ve O calabum

Pobios {grrams

FIGURE 3.THE MASS DISTRIBUTION.

Particle redigtribution reduces the truncation
error, minimizes the number of data points,
and clearly identifies materid boundaries. The
boundary tregtment in the MLS grid- free
method is naturd with the employment of
phantom particles that serve as environmenta
particles or as image data points. They aso
improve the accuracy and dability of the
method.

We ligt some of the benefits of the ML S grid-
free method in the following:

a). trivid deletion of domains,

b). trivid implementation of varidble
resolution,

C). clear definition of boundaries.

d). nodiffuson or intruson between
materia boundaries.

€). genedization of traditiond CCM
methods.

The MLS grid free implementation in three-
dimengons should be only a sraightforward
extengon of itstwo-dimensond case with the
presence of a three-dimensond data point
distributor. We have described in this paper
some practicd methods to condruct the
three-dimengdond particle distributor/rezoner.
However such an implementation has not
been reported in the literature.

The MLS grid-free methodology has been
successful 0 far in deding with various
problems in mechanics, especidly for
detonation problems. It is expected most
problems can be solved with this approach
because of its flexibility and amplicity. It has
the potentid to become a generd, very
powerful method in computationa continuum
dynamics.
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